We investigate the quench dynamics of an open quantum system involving a quantum phase transition. In the isolated case, the quench dynamics involving the phase transition exhibits a number of scaling relations with the quench rate as predicted by the celebrated Kibble-Zurek mechanism. In contact with an environment however, these scaling laws breakdown and one may observe an anti-Kibble-Zurek behavior: slower ramps lead to less adiabatic dynamics, increasing thus non-adiabatic effects with the quench time. In contrast to previous works, we show here that such anti-Kibble-Zurek scaling can acquire a universal form in the sense that it is determined by the equilibrium critical exponents of the phase transition, provided the excited states of the system exhibit singular behavior, as observed in fully-connected models. This demonstrates novel universal scaling laws granted by a system-environment interaction in a critical system. We illustrate these findings in two fully-connected models, namely, the quantum Rabi and the Lipkin-Meshkov-Glick models. In addition, we discuss the impact of non-linear ramps and finite-size systems.
Introduction.-The scrutiny of quantum matter driven out of equilibrium has led to the discovery of novel and striking phenomena [1, 2] . A comprehensive understanding of out-ofequilibrium properties of quantum systems is of crucial relevance for the further development of quantum technologies, as for example the exploitation of adiabatic evolution for quantum state preparation and computation [3, 4] or for the design and benchmark of quantum simulators [5, 6] . In this regard, a remarkable aspect of many-body quantum systems consists in the existence of quantum phase transitions (QPT) [7] , which entails a sudden change in their ground state at a critical value of a control parameter. The critical point where a QPT takes place is typically accompanied by a vanishing energy gap [7] , thus challenging the success of an adiabatic driving across it.
The Kibble-Zurek (KZ) mechanism, originally proposed to account for the defect formation across a symmetry-breaking phase transition in the early universe, has become a cornerstone in non-equilibrium critical dynamics [8] [9] [10] and on the universal behavior of quench dynamics [11] [12] [13] [14] [15] (see [16] for a review). Its key prediction consists in a scaling relation between the number of defects formed upon traversing the phase transition, the equilibrium critical exponents and the quench rate. Such scaling relation is said to be universal as it is solely determined by the equilibrium critical exponents of the system. Thanks to the universal properties of phase transitions, such predictions have been extended to and confirmed in a variety of systems [17] [18] [19] [20] [21] [22] . Indeed, the KZ mechanism also applies to the quantum realm [23] [24] [25] [26] , where scaling relations are found also for quantum excitations produced during the quench towards or across a QPT [15, [27] [28] [29] [30] [31] [32] [33] [34] . Remarkably, although in these settings an adiabatic evolution is hindered by a vanishing energy gap, the scaling laws dictated by the KZ mechanism still imply a smaller number of excitations for slower quenches. By reducing the quench rate, the adiabatic condition is eventually achieved, although with a distinctive and smaller scaling exponent than in non-critical systems [35] .
The significant experimental progress in the last decades has enabled an unprecedented degree of control, manipulation and preparation in quantum many-body systems [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] , opening the door for the realization of quantum simulators and computers. However, the isolation from any environmental disturbance and/or experimental imperfection remains a formidable challenge. In this regard, it is worth mentioning that an interaction between the system of interest and its surroundings can have a dramatic impact in the properties and dynamics of the system even when they interact weakly [46, 47] , as demonstrated by the novel phenomena and scaling laws taking place in different dissipative critical systems [48] [49] [50] [51] [52] [53] [54] [55] . It is therefore important to study the properties of the KZ mechanism in the presence of an environment. As observed in recent studies [56] [57] [58] [59] [60] [61] [62] [63] , noisy controls or the open nature of the dynamics leads to a departure from the KZ scaling predicted for the isolated case. These observations are encompassed under the term anti-Kibble-Zurek (AKZ) behavior, which refers to a linear increase of the number of excitations with the quench time. These results suggested that the AKZ behavior looses its universal fingerprints, i.e., the scaling laws as a function of the quench time no longer depend on the equilibrium critical exponents.
Here we show that in certain systems the AKZ behavior itself can acquire a universal form, and is thus in general different from a linear scaling. A driven open quantum system undergoing a phase transition can show power-law relations as a function of the quench time, whose scaling is determined solely by its equilibrium critical exponents as for the standard (isolated) KZ scaling laws. Such universal AKZ relation crucially depends on the critical behavior of the excited states of the many-body system, thus serving as an assessment of the criticality of excited states. We illustrate our findings in two fully-connected, thus zero-dimensional, critical systems, namely, the quantum Rabi model (QRM) [64] and the Lipkin-Meshkov-Glick (LMG) model [65] , taking into account the arXiv:1911.06023v2 [quant-ph] 26 Nov 2019 FIG. 1. (a) Schematic representation of the system S interacting with an environment E, exchanging excitations. In (b) the behavior of the excited states: at the left the excited states behave as the ground state close to g c , thus featuring critical behavior Â k,l ∼ |g − g c | γ A for a certain observableÂ whose critical exponent is γ A . Then, the excess in Â (τ q ) op with respect to the isolated case, i.e. δA(τ q ), acquires a universal AKZ scaling. However, for non-critical excited states, the excess δA(τ q ) obeys a linear scaling (see main text for details).
interaction with an environment. Further, we investigate the impact of non-linear ramps and finite-size effects. Our results suggest novel universal scaling laws emerging in the quench dynamics of an open quantum system involving a phase transition.
Kibble-Zurek mechanism.-Let us denote byĤ S (t) the time-dependent Hamiltonian of an isolated system which drives an initially-prepared ground state across or to the critical point g c of a QPT by tuning a control parameter g(t) in a total quench time τ q . As a consequence of the QPT, the energy difference between the first-excited and ground state vanishes close to g c as ∆ 1 (g) ∼ |g − g c | zν [7] , where z and ν denote the dynamic and correlation length critical exponents of the QPT. This sets a time scale, τ r (g) = ∆ −1 1 (g), which diverges at g c thus impeding adiabatic dynamics for a finite quench time and eventually leading to excitations depending on τ q , as dictated by the KZ mechanism.
The KZ mechanism is built upon the adiabatic-impulse approximation, which relies on the competition between two time scales, namely τ r (g) = ∆ −1 1 (g) and t r (g) = ∆ 1 (g)/∆ 1 (g), where the latter determines the timescale on which the external parameter changes [16, 23, 35] , and with the dot denoting the derivative with respect to time. For a linear quench g(t) ∝ t/τ q with g(0) < g c , one finds t r (g) ∝ τ q |g − g c |.
Within this simplified picture the quantum evolution is split in two regimes as g(t) approaches g c : when t r (g) > τ r (g) the dynamics is fully adiabatic, while the impulse regime is found for t r (g) τ r (g). In the latter regime the state freezes due to the lack of time to adjust to the externally-imposed changes in g(t). Since τ r (g c ) → ∞, no matter how slow the system is driven, the state will eventually cease to follow the ground state ofĤ S (t) close to g c . Hence, the population of excited states and relevant quantities after the quench will depend on τ q . This heuristic argument is extremely useful to derive the scaling relations for relevant quantities following a quench [66] . In particular, the boundary between the adiabatic and impulse regime takes place atg, whose scaling can be estimated equating the time scales, t r (g) = τ r (g) such that |g − g c | ∼ τ −1/(zν+1) q . Provided τ q is sufficiently long such that diabatic excitations occur due to the QPT, the number of excitations, defined as n ex = k>0 |c k | 2 , will scale as n ex ∼ τ −dν/(zν+1) q , where |ψ(τ q ) = k=0 c k φ k (g(τ q )) is the final state andĤ S (t) = k=0 k |φ k (g(t)) φ k (g(t))|, for a system with d spatial dimensions. In general, an observableÂ whose ground-state expectation value behaves as Â 0 ∼ |g − g c | γ A close to g c being γ A its associated critical exponent, will display KZ scaling according to [35, [67] [68] [69] . These universal scaling relations are the key predictions of the KZ mechanism for isolated systems. In the following we will consider fully-connected models, i.e. d = 0, so that KZ scaling appears only when g(τ q ) = g c [70, 71] .
Universal anti-Kibble-Zurek scaling.-Let us consider now the open quantum system dynamics and assuming in particular that the system interacts weakly with a Markovian environ-
accounts for the dissipative dynamics via proper (Lindblad) operators with rate κ [46, 47] (see Fig 1(a) ) [72] . In the weak coupling limit and for a finite quench time, the expectation values of the resulting open-system observables (denoted with subscript op), can be split in two contributions,
where Â (τ q ) ≡ ψ(τ q )|Â|ψ(τ q ) is the isolated (fully coherent) contribution, while δA(τ q ) accounts for the excess introduced by the dissipative dynamics [58, 59, 62, 63] . As aforementioned, resorting to KZ arguments one obtains scaling predictions for Â (τ q ) in terms of γ A , d, z and ν. On the other hand, δA(τ q ) stems from the contact with the environment and it produces excitations at a constant rate κ per unit of time,
for sufficiently small κτ q , and where h k,l takes account of how the dissipative dynamics populate different excited states and their coherences, while Â k,l ≡ φ k (g(τ q ))|Â|φ l (g(τ q )) . If the excited states at g(τ q ) show critical behavior, that is, if Â k,l ∼ |g − g c | γ A , assuming the same critical exponent γ A for any k, l, then δA(τ q ) ∼ κτ q |g(t) − g c | γ A . Note that this is the case for fully-connected systems [70, [73] [74] [75] [76] [77] . Finally, relying on the adiabatic-impulse approximation and introducing |g − g c | ∼
This is the key result of the paper. The contribution due to the dissipative dynamics introduces an AKZ scaling which is universal, as its value is given by the equilibrium critical exponents of the QPT. In contrast, if the excited states do not q , E r (τ q ) op soon deviates from the κ = 0 case. In (b) we show the excess δE r (τ q ) for the two cases, unveiling the linear AKZ scaling for g f = 0.75 (dashed line) and its universal form when
q for different quantitiesÂ when g f = 1 and in the interval ωτ q ∈ [10 3 , 10 4 ] for a T = 0 bath and as a function of κ. That is, b ≈ 4/3, 2/3, 7/6 and 5/6 for δâ †â , E r , δ∆x and δ∆p, respectively. The universal AKZ prediction is indicated by the dashed lines for each quantity. Panel (d) shows the fitted exponents b when g f = 0.75, which follow δA(τ q ) ∼ τ q . Error bars for b are smaller than the point size.
show critical features (cf. Fig 1(b) ), Eq. (2) yields a linear scaling δA(τ q ) ∼ τ q . This is the case for a one-dimensional transverse-field Ising model, which agrees with previous observations [58, 59, [61] [62] [63] . In the following we illustrate the critical-exponent dependent scaling for two fully-connected systems.
Example.-We illustrate the universal AKZ scaling laws in two d = 0 systems which exhibit a mean-field quantum phase transition, namely, the QRM [64] and the LMG model [65] . Although the QRM comprises just two degrees of freedom, a spin and a single bosonic mode, it is possible to find a quantum phase transition in a suitable parameter limit [14, 70, 76, 78] . In contrast, the LMG comprises N two-level systems with a long-range interaction [65, 74, 75, 79, 80] . In the thermodynamic limit, denoted here by η → ∞, the Hamiltonian of both models in one of the phases, 0 ≤ g ≤ g c = 1, can be written as [78] 
whereâ andâ † stand for the bosonic mode in the QRM and for the Holstein-Primakoff transformed pseudo-angular momenta in the LMG, and with ω its energy scale ( = 1). For the purposes of this Letter it is enough to consider one phase as in these models KZ and AKZ scaling appears only when g(t) ends at g c [70, 71] . For that we consider g(t) = g f t/τ q with g f ≤ g c . The Eq. (4) describes the low-energy subspace, where we find that the eigenstates are |φ k (g) =Ŝ[s(g)] |k with |k the kth eigenstate ofâ †â ,Ŝ[s] = e 1 2 (s * a 2 −sa †,2 ) and
The low-energy excited states inherit thus all the critical properties of the QPT. In particular, the number of bosons diverges â †â k ∼ |g − g c | −1/2 for any k eigenstate with γ a † a = −1/2, while the position and momentum quadrature become ∆x k ∼ |g − g c | −1/4 and ∆p k ∼ |g − g c | 1/4 , respectively, such that ∆x k ∆p k = (2k + 1). Hence, γ ∆p = −γ ∆x = 1/4. In addition to the previous observables, we compute the residual energy E r (τ q ) ≡ Tr[ρ(τ q )Ĥ (0) (g(τ q ))] − E gs (g(τ q )) whose critical exponent is given by γ E r = zν as it is related to the energy gap ∆ 1 ∼ |g − g c | zν , with zν = 1/2. Recall that d = 0 for these models. ForĤ (0) (g), the groundstate energy is given by E gs (g) = ω 1 − g 2 /2 − ω/2. Again, as the energy gap for the kth eigenstate reads as ∆ k (g) = k (g) − 0 (g) = kω 1 − g 2 , we expect universal AKZ scaling for the residual energy too. Substituting γ A for these quantities into Eq. (3), we obtain their predicted AKZ scaling, namely,
In order to verify the previous AKZ scaling relations, we consider the system interacting weakly with a Markovian bath at temperature T , although similar results are found considering a more realistic scenario [78] , including non-Markovian effects via the non-perturbative approach developed in [81, 82] . Thus, consider for now the dynamics fixed by the master equation [46, 47] 
where
is the Lindblad operator associated to the jump operatorô and with rates Γâ = κ(N th + 1)/2 and Γâ † = κN th /2, with N th = (e ω/k B T −1) −1 the number of thermal excitations at temperature T . As the initial state here is considered to be the ground state ofĤ (0) (g(0) = 0), we can exploit the Gaussian-preserving nature of Eq. (5) . For that, we employ the Wigner characteristic function χ(β, β * , t) = Tr[e βâ † −β * âρ (t)] with β, β * ∈ C to calculate the evolution. Indeed, the Fokker-Planck equationχ(β, β * , t) = X[χ(β, β * , t)] allows for a Gaussian Ansatz, χ(β, β * , t) = e iu t µ(t)− 1 2 u t Σ(t)u with u = (β, β * ) t , and first and second moments µ(t) = (q 0 (t), q 1 (t)) t and Σ(t) = (σ 00 (t), σ 01 (t); σ 10 (t), σ 11 (t)). Defining 2σ(t) = σ 00 (t) + σ 11 (t), and since q 0,1 (0) = 0, we obtain [78] 
with σ 01 (t) = σ * 10 (t), and Γ ± = Γâ † ± Γâ, with initial conditions σ(0) = 1/2 and σ 01 (0) = 0. Having χ(β, β * , t) one has access to all the quantities of interest, such as for example Tr[â †âρ (t)] = σ(t) − 1 2 and Tr[(â +â † ) 2ρ (t)] = 2σ(t) − σ 01 (t) − σ 10 (t) [78] . Solving Eqs. (6)- (7) under g(t) with different quench times τ q allows us to obtain Â (τ q ) for the isolated case (κ = 0) and Â (τ q ) op for a chosen κ 0 and T , witĥ A ∈ {â †â , ∆x, ∆p, E r }. From these values, we calculate the excess due to the dissipation as δÂ(τ q ) = Â (τ q ) op − Â (τ q ) which we use to corroborate the AKZ scaling prediction (cf. Eq. (3)).
In Fig. 2(a) we show the results for E r (τ q ) op together with E r (τ q ) for κ = 10 −4 ω and T = 10ω when the quench, g(t) = g f t/τ q , ends either at g f = 0.75 or at the critical point g f = 1. As expected, E r (τ q ) follows the KZ prediction τ −zν/(zν+1) q = τ −1/3 q as zν = 1/2 when g f = 1, and the adiabatic scaling τ −2 q for g f < 1 [70] . For κ 0, E r (τ q ) op deviates from its isolated value. In Fig. 2(b) we show the excess δE r (τ q ): for g f < 1 it follows a linear scaling δE r (τ q ) ∼ τ q , while for g f = 1 it shows the universal AKZ scaling given in Eq. (3),
q . Note that for τ q κ 1, E r (τ q ) op saturates to a constant value and so does δE r (τ q ), since τ q is long enough to reach a steady state. A similar behavior is observed for the other quantities. We compare the numerically determined exponent b from a fit to δA(τ q ) = aτ b q with the AKZ scaling prediction (zν + 1 − γ A )/(zν + 1) as a function of κ forÂ ∈ {â †â , ∆x, ∆p, E r } in the interval ωτ q ∈ [10 3 , 10 4 ] and g f = 1. This is plotted in Fig. 2(c) choosing a T = 0 bath, while Fig. 2(d) shows the results when g f = 0.75. The latter illustrates how the universal AKZ is lost in favor of the linear scaling when the excited states are not critical. As for the standard KZ scaling, some quantities may exhibit stronger corrections to its leading scaling. This is indeed the case for δâ †â (τ q ) and δ∆x(τ q ), whose fitted exponents b tend to their AKZ predicted values for very long τ q and small κ values (see [78] for further details).
Non-linear ramps.-The scaling presented in Eq. (3) is valid for linear ramps g(t) ∝ t/τ q . However, as for the standard KZ predictions [83, 84] , non-linear ramps g(t) ∝ (t/τ q ) r n with an exponent r n > 0 non-trivially modify the power-law exponent for the AKZ scaling laws. In our case, we choose g(t) = g f (1 − (1 − t/τ q ) r n ). The adiabatic-impulse boundary modifies according to |g − g c | ∼ τ −r n /(zνr n +1) q as it can be shown relying on adiabatic perturbation theory [78] , or by resorting to scaling arguments [83, 84] . Provided g(τ q ) = g c = 1, this non-linear ramp leads to [78] δA(τ q ) ∼ τ (zνr n +1−γ A r n )/(zνr n +1) q .
As an example we consider the scaling for δE r (τ q ) and δ∆p.
Since zν = 1/2 and γ ∆p = 1/4 forĤ (0) (g), it follows δE r (τ q ) ∼ τ 2/(r n +2) q and δ∆p(τ q ) ∼ τ (r n +4)/(2r n +4) q . Selecting r n = 2, κ = 10 −6 ω and T = 0, and fitting the results in the interval ωτ q ∈ [10 4 , 10 5 ] to τ b q we obtain b = 0.794(3) and 0.893(3) for δE r (τ q ) and δ∆p, close to the predicted AKZ values 4/5 and 9/10. In Fig. 3(a) we show the results for these exponents b as a function of r n , which agree very well with the universal AKZ prediction. Similar results are obtained for other quantities [78] .
Finite-size effects.-The previous results have been obtained in the thermodynamic limit, η → ∞. Finite-size systems however do not feature true singularities, e.g., they possess finite energy gap at the critical point. This leads to deviations from KZ scaling laws and to a maximum quench time in order to apply KZ arguments. It is therefore advisable to investigate how these AKZ scaling laws emerge as the system size increases. For that, we consider the Hamiltonian of the system up to first order in η −1 , i.e.,Ĥ(g) = H (0) (g)+η −1Ĥ(1) (g)+O(η −2 ) whereĤ (0) (g) is again the Hamiltonian in the strict thermodynamic limit, Eq. (4), whileĤ (1) (g) accounts for the first-order correction for a finite size η. This correctionĤ (1) (g) comprises up to quartic terms inâ and a † , although its specific form depends on the model, namelŷ H (1) QRM (g) = g 4 ω 16 f QRM (â,â † ), andĤ (1) LMG (g) = g 2 ω 8 f LMG (â,â † ) valid for 0 ≤ g ≤ 1. In order to capture the main finite-size effects for η < ∞ we keep only quadratic terms upon normal ordering inĤ (1) QRM,LMG (g) that preserves the Gaussian form of χ(β, β * , t), although now evolving under modified equations of motion. In particular, f QRM (â,â † ) ≈ 12â †â + 6(â 2 +â †,2 ) + 3, while f LMG (â,â † ) ≈ 4â †â +â 2 +â †,2 . For the QRM (the analogous results for the LMG are shown in [78] ), the equations of motion read aṡ
with G(t) = g 2 (t)ω/2 − 12g 4 (t)ω/η, and σ * 01 (t) = σ 10 (t), such that Eqs. (6)- (7) are recovered in the η → ∞ limit. As plotted in Fig. 3(b) , the fitted exponents b clearly reveal the crossover as the system size increases from the linear scaling, b = 1, to a universal value for η 10 3 as dictated by the AKZ scaling laws.
Conclusions.-We have shown that the systemenvironment interaction can lead to universal scaling laws upon a ramp towards the critical point of a QPT, similar to KZ scaling laws for isolated systems. Even a weak system-environment interaction yields an AKZ scaling, that is, slower ramps provoke more excitations and thus lead into less adiabatic dynamics. Remarkably, provided the excited states of the quantum system display singular behavior, the AKZ scaling acquires a universal form, i.e., relevant observables scale in a power-law fashion with the quench time, whose scaling is determined solely by the equilibrium critical exponents of the phase transition. If the excited states do not display critical behavior, the standard linear AKZ scaling is recovered [62] . We illustrated these findings in fully-connected, i.e. zero-dimensional, interacting systems such as the quantum Rabi and Lipkin-Meshkov-Glick models undergoing dissipation, which are examples of superradiant [70, 77, 85] and ferromagnetic phase transitions, respectively. The results are also extended to non-linear ramps, and we further showed how the universal AKZ scaling laws emerge increasing the system size. The reported results may stimulate further research to underpin the role of open quantum dynamics in critical phenomena, and how universal traits in the dynamics of a quantum many-body system are modified when including a non-negligible interaction with a bosonic or fermionic environment of local or non-local nature, with distinct coupling directions [86] , as well as systems with different spatial dimensions.
where theσ x,y,z i represent the spin- 1 2 Pauli matrices of each of the N interacting spins, with an energy scale ω. The dimensionless parameter g accounts for the relative strength of the ferromagnetic spin coupling. Introducing the N-spin representation, i.e., J x,y,z such that [Ĵ i ,Ĵ j ] = i i jkĴk , withĴ α = N i=1σ α i /2 for α ∈ {x, y, z} the Hamiltonian becomeŝ
In thermodynamic limit, which here corresponds to η → ∞ with η = N, this model shows a QPT at g c = 1 [S4, S5]. AsĴ 2 commutes withĤ LMG (g), we constrain ourselves to the subspace of maximum angular momentum J = N/2. Making use of the Holstein-Primakoff transformation,
upon taking the N → ∞ limit, i.e.Ĵ + ≈ 2Jâ andĴ − ≈ 2Jâ † . The previous Hamiltonian is valid for 0 ≤ g ≤ 1. For g > 1, a rotation ofĴ x,y,z is required to properly set the quantization axis in the Holstein-Primakoff transformation. The Eq. (S3), without considering the constant energy shift, corresponds toĤ (0) (g) in the main text. The Eq. (S3) describes one of the phases of the LMG in the thermodynamic limit. For a large, yet finite number of spins N, we can calculate its leading order correction in N −1 (see [S4, S5] for a meticulous calculation). For that, we keep the corrections 1/N from the Holstein-Primakoff transformation such thatĤ LMG (g) =Ĥ (0) LMG (g) + 1
NĤ
(1) LMG + O(N −2 ). In particular, within this phase the correction reads asĤ (1) 
Under a Gaussian Ansatz, the function in the main text for the first-order correction becomes f LMG (â,â † ) = (4â †â +â 2 +â †,2 ).
II. QUANTUM RABI MODEL
The quantum Rabi model (QRM) Hamiltonian can be written aŝ
where Ω corresponds to the qubit frequency, while ω denotes the frequency of the single mode and λ the coupling constant. In the η → ∞ limit with η = Ω/ω, the QRM adopts a simple form that reveals a QPT at g c = 1 [S6] , where g is a dimensionless coupling constant g ≡ 2λ/ √ Ωω = 2λ/(ω √ η). The Hamiltonian becomesÛ †Ĥ QRM (g)Û =Ĥ (0) QRM (g) + 1 ηĤ (1) QRM (g) + O(η −2 ) with U = eŜ andŜ = iλ/Ω(â +â † )σ y . Thus, the contribution given byĤ (1) (g) and higher-order terms vanish in the η → ∞ limit. Therefore, lim η→∞Û †Ĥ QRM (g)Û =Ĥ (0) QRM (g), which upon projection onto the low-energy spin subspace reads aŝ
valid only within the normal phase, 0 ≤ g ≤ g c = 1. As for the LMG model, neglecting the constant energy shift, the previous Hamiltonian becomesĤ (0) (g) given in the main text. The first-order correction in η −1 is given by [S6] H (1)
so that f QRM (â,â † ) = 12â †â + 6(â 2 +â †,2 ) + 3.
III. DYNAMICS OF THE CHARACTERISTIC FUNCTION
As the master equationρ(t)
is quadratic inâ andâ † , we make use of a Gaussian Ansatz for the Wigner characteristic function χ(β, β * , t) = Tr[e βâ † −β * âρ (t)]. In particular, we introduce the following Ansatz
with the coefficients vector u, first µ(t) and second Σ(t) moments given by
The master equation we are considering reads aṡ where the parameters are given by a 1 = iω − i g 2 (t)ω 2 − Γâ + Γâ † , a 2 = −Γâ − Γâ †, a 3 = a 4 = 0 and a 5 = i 2 g 2 (t)ω. Since we consider as initial state the ground state ofĤ (0) (g) at g(0) = 0, i.e. the vacuum, it follows q 0 (0) = q 1 (0) = 0, σ 01 (0) = σ 10 (0) = 0 and σ(0) = 1/2 where σ(t) = (σ 00 (t) + σ 11 (t))/2. This brings us to the following equations of motion,
where we have defined Γ ± = Γâ † ± Γâ, and q 0 (t) = q 1 (t) = 0 ∀t. These expressions correspond to the Eqs. (6)- (7) in the main text. Solving these equations allows us to obtain relevant quantities, as for example the average number of bosonic excitations,
In a straightforward manner, we obtain x 2 , p 2 , x and p , withx =â +â † andp = i(â † −â). Since q 0,1 (t) = 0, it follows x = p = 0, while x 2 = 2σ(t) − σ 01 (t) − σ 10 (t) and p 2 = 2σ(t) + σ 01 (t) + σ 10 (t), so that ∆x = x 2 − x 2 = √ 2σ(t) − σ 01 (t) − σ 10 (t) and ∆p = √ 2σ(t) + σ 01 (t) + σ 10 (t). The energy of the state at time t follows then from â †â and x 2 = (â +â † ) 2 ,
from which the residual energy follows simply by subtracting the ground-state energy given by E gs (g) = ω 1 − g 2 − 1 /2, so that E r (τ q ) = E(τ q ) − E gs (g(τ q )).
IV. FURTHER RESULTS FOR THE UNIVERSAL ANTI-KIBBLE-ZUREK SCALING LAWS
As commented in the main text, the AKZ scaling for the quantities δâ †â and δ∆x tends to the predicted universal value for very long quench times τ q , yet requiring κτ q 1. For that, we solve the dynamics of the system and calculate these quantities, and then fit δA(τ q ) = aτ b q . The resulting exponent b for δâ †â and δ∆x show a stronger dependence on the chosen interval τ q where the fit is performed than for δE r and δ∆p (cf. Fig. 2(c) of the main text). In Fig. S1(a) we plot the numerically determined exponent b for all these quantities (in the same format as in Fig. 2(c) ) for the same parameters (T = 0 and g f = 1) but performing the fit for shorter times, ωτ q ∈ [10 2 , 10 3 ]. Note that the exponent b for δâ †â and δ∆x remains larger than the predicted universal one, while for δE r and δ∆p we observe a very good agreement with the Eq. (3), given in the main text. This is due to stronger higher-order corrections. To investigate this, we have calculated the dependence of b as a function of ωτ q . This is plotted in Fig. S1 (b) for κ = 10 − 4ω, where one clearly observes the strong dependence of b on τ q for δâ †â and δ∆x, while at the same the scaling of δE r and δ∆p is more robust to the selected quench-time interval.
Any finite-size system with η < ∞ lifts the critical behavior found in the thermodynamics limit. However, as η increases, the scaling laws are recovered, eventually leading into the predicted KZ and AKZ universal relations. In the main text we showed the behavior of the numerically fitted scaling exponents b for the QRM, for which η = Ω/ω as discussed in Sec. II and in the main text. As shown in Fig. 3(b) of the main text, the scaling exponent b in the QRM for the different quantities considered here exhibit a crossover between 1 (the standard AKZ scaling law due to the absence of critical behavior) and its universal value (zν + 1 − γ A )/(zν + 1) as η increases. Here we show that this is also the case for the LMG. In this case,Ĥ (1) (g) = g 2 ω f LMG (â,â † )/8 with f LMG (â,â † ) = 4â †â +â 2 +â †,2 (see Sec. I). This leads into modified equations of motion for σ(t), σ 10 (t) and σ 01 (t), which now depend on η asσ
(σ 01 (t) − σ 10 (t)) (S19)
and σ 01 (t) = σ * 10 (t), with Γ ± = Γâ † ± Γâ. Recall that for the LMG, η = N is the number of spins. We solve the previous equations of motion and obtain the quantities δâ †â , δE r , δ∆x and δ∆p as explained in Sec. III and in the main text. The scaling exponent for these quantities is plotted in Fig. S1 (c) as a function of the system size η, where we have considered T = 0 and κ = 10 −5 ω, and the fit has been performed in the quench-time interval ωτ q ∈ [10 3 , 10 4 ]. The crossover is very similar to the one obtained for the QRM (cf. Fig. 3(b) of the main text).
In the main text we have shown the resulting AKZ scaling exponent for δE r and δ∆p when non-linear ramps are performed. In Fig. S1(d) we show the equivalent plot to Fig. 3(a) of the main text for δâ †â and δ∆x. The universal AKZ scaling predicts δâ †â ∼ τ (2r n +2)/(r n +2) q and δ∆x ∼ τ (3r n +4)/(2r n +4) q . The numerically fitted exponent b (points) follows closely the prediction (lines). As for the results plotted in Fig. 3(a) , we have considered T = 0 and κ = 10 −6 ω, and the fit was performed in the interval ωτ q ∈ [10 4 , 10 5 ].
V. NON-LINEAR RAMPS: SCALING OF THE ADIABATIC-IMPULSE BOUNDARY
Here we show the modification introduced in the scaling of the adiabatic-impulse boundary when dealing with non-linear ramps g(t) = g f (1 − (1 − t/τ q ) r n ), which yields |g − g c | ∼ τ −r n /(zνr n +1) q as commented in the main text (see also Refs. [S9, S10] ). For that, let us consider the time-evolved state under fully coherent dynamics, which can be expressed in the instantaneous eigenbasis ofĤ (0) (g(t)), namely, |ψ(t) = k α k (t)e −iθ k (t) |φ k (g(t)) with θ k = t 0 ds k (g(s)) the accumulated phase. We shall consider an initially prepared ground state, that is, α 0 (0) = 1 and α k>0 (0) = 0. Then, the time evolution for α k (t) follows from the Schrödinger equation,
In the long ωτ q 1 limit, and since |φ k (g) =Ŝ[s(g)] |k withŜ[s] = e 1/2(s * â2 −sâ †,2 ) and s(g) = ln(1 − g 2 )/4 so that φ k (g)|∂ g |φ l (g) = 1 2 2g 4(1−g 2 ) (
one finds that the leading-order correction to the adiabatic case (i.e. the case in which α 0 (t) = 1 ∀t) is given by
The boundary between adiabatic and impulse regimes can be estimated when the population in the excited state becomes of order O(1), that is, from |α 2 (g)| 2 ≈ 1. We remark that we are interested only in howg scales with τ q . For that we set g f = g c = 1 in Eq. (S22) and obtaing from the previous condition, which yields the sought relation |g − g c | ∼ τ −r n /(zνr n +1) q .
(S23)
Having determined the scaling relation of the adiabatic-impulse boundary, Eq. (8) of the main text can be obtained as for the linear case. In particular, the excess in a quantity Â (τ q ) op with respect to its isolated value, Â (τ q ) , scales as δA(τ q ) ∼ κτ q |g − g c | γ A for sufficiently small κτ q . Resorting to the adiabatic-impulse approximation when g f = g c , i.e., using Eq. (S23), one obtains
as given in the main text (cf. Eq. (8)).
VI. RESULTS USING OPTIMIZED AUXILIARY OSCILLATORS
Here we show the results supporting the universal AKZ scaling for a different, and more realistic type of system-environment interaction. For that, we rely on the recently developed method in [S11, S12]. In this manner, the dynamics of a system interacting with an environment is characterized by a spectral density J(ω) and a temperature T [S7, S8] , and this dynamics can be effectively retrieved by introducing a number N a of interacting auxiliary oscillators with suitable parameters, which are obtained via a proper fitting procedure having J(ω) and T as input. These auxiliary oscillators in turn are coupled to a zerotemperature local bath (see Ref. [S12] for details about the method). We start considering the Hamiltonian of the system plus N a auxiliary oscillatorsĤ SA (g) =Ĥ (0) (g) +Ĥ I +Ĥ A , witĥ where κ stands for a dimensionless coupling between the system and the environment, which is effectively described by the auxiliary oscillators, with operatorsb k andb † k , and frequency ω k for k = 2, . . . , N a + 1. Note that the oscillators interact through a hopping term between k and k + 1 with strength d k . In addition, the auxiliary oscillators are locally damped, so that the dynamics of the system plus auxiliary oscillators is governed by the Lindblad equatioṅ ρ SA (t) = −i Ĥ SA (g(t)),ρ SA 
The parameters of the model, i.e. the auxiliary oscillator frequencies ω k , couplings d k and c k , as well as the rate γ k , are fixed by J(ω) and T via the mentioned fitting procedure. Importantly, the master equation given by Eq. (S26) is of the Lindblad form, but it involves the auxiliary oscillators too. As a consequence, when restricting to the open-system degrees of freedom only, the resulting dynamics cannot be generally described by a Lindblad equation, contrary to what we considered in the main text [see Eq. (5)]. The key point is in fact that Eq. (S25) allows us to keep track of possible memory effects into the evolution of the open system, thus yielding a more general and realistic description of the effects of the interaction with the environment. As the initial state is a vacuum state, and the master equation is quadratic in the bosonic operators, we can employ Gaussian states theory. The HamiltonianĤ (0) SA can be written in a bilinear form asĤ (0) SA (g) = 1 2x · H(g)x withx = q 1 , . . . ,q N a +1 ,p 1 , . . . ,p N a +1 T , withâ = (q 1 + ip 1 )/ √ 2,â † = (q 1 − ip 1 )/ √ 2,b k = (q k + ip k )/ √ 2 andb † k = (q k − ip k )/ √ 2 with k = 2, . . . , N a + 1, and such that [x j ,x k ] = iĴ jk and whereĴ is the symplectic matrix
The dynamics can be cast in a time-dependent Lyapunov equation,
with V jk (t) = x jxk +x kx j t , Γ(t) =Ĵ H(g(t))−ImΥĴ, Υ = k λ k λ † k and D = 2ReΥ. The vectors λ k are such that the Eq. (S26) can be written asρ SA (t) = −i[Ĥ (0) SA ,ρ SA (t)] + k L kρSA (t)L † k − 1 2 L † kL k ,ρ SA (t) , withL k = λ k ·Ĵx, which contains the rates γ k . Since only the auxiliary oscillators undergo dissipation,L 1 = 0. For the first auxiliary oscillator,L 2 = λ 2 ·Ĵx = √ γ 2b2 = √ γ 2 √ 2 (q 2 + ip 2 ), from where it immediately follows λ 2 , and similarly for the rest. As the initial state is a vacuum state for all the oscillators, V(0) = I N a +1 .
Here we show that the predicted anti-Kibble-Zurek scaling laws hold for a system interacting with an environment characterized by an Ohmic bath at T = 0, whose spectral density reads as J(ω) = 2κ 2 πωe −ω/ω c .
Then, employing the method described in [S12], its impact on the system can be effectively captured by N = 4 auxiliary
